This paper studies robust beamforming optimization for full-duplex (FD) multi-antenna decode-and-forward (DF) relaying subject to stochastic channel state information (CSI) errors. By exploiting the statistics of CSI errors, we jointly optimize the receive and transmit beamformers of the FD relay to maximize the system achievable rate. Firstly, we prove that the original optimization problem can be equivalently transformed into a solvable convex feasibility check problem with second-order cone (SOC) constraints, whose globally optimal solution can be obtained in polynomial time. In order to reduce the computational complexity of the optimal beamforming, we further advocate a semi-closed form solution which achieves near-optimal performance. Afterwards, concerning a special case with spatially uncorrelated CSI errors, we develop a closed-form relay beamforming solution which reveals the optimality of the maximum ratio combining/maximum ratio transmission (MRC/MRT) strategy. Simulations are conducted to validate the effectiveness of the proposed robust FD relay beamforming designs.
I. INTRODUCTION
Full-duplex (FD) communications, as a promising solution of enhancing the system spectral efficiency, have gained a number of attentions owing to recent advances on self-interference (SI) cancelation techniques [1] - [4] . Among various applications of the FD transmission, FD relaying with SI appropriately handled is known to be capable of improving the transmission rate of conventional half-duplex (HD) relaying. In particular, the prominent multiple-input multipleoutput (MIMO) technology has been incorporated into the FD relaying for further performance enhancement [5] - [12] .
Taking into account the SI, several types of FD relay beamforming designs were proposed in [5] - [12] . Specifically, in [5] - [8] , the authors imposed an SI nulling constraint when optimizing the relay beamformers. Alternatively, the SI nulling constraint was further removed in [7] , [9] The associate editor coordinating the review of this manuscript and approving it for publication was Marco Martalo . during the relay beamforming optimization. In this way, the overall system performance can be improved since it is possible to achieve a better tradeoff between SI cancelation and signal power maximization. Apart from the conventional MIMO, advanced massive MIMO technique was also introduced in the FD relaying [10] - [12] . With a large number of antennas available at the relay, the SI can be canceled with simple beamforming schemes, e.g., maximum ratio combining/maximum ratio transmission (MRC/MRT).
Most of the above studies assumed that perfect channel state information (CSI) is available for beamforming design. However, this assumption is hard to be fulfilled in practice due to factors such as channel estimation errors, quantization errors, and feedback delay. In literature, both stochastic and deterministic models have been commonly adopted to characterize CSI errors [13] - [23] . For the stochastic model, the statistics or the distribution of the random CSI errors is known. Alternatively, for the deterministic model, the CSI errors are assumed to lie in a norm bounded region with known radius. To enhance the system performance in presence of CSI errors, it is necessary to perform robust transceiver optimization that incorporates CSI imperfection. The robust transceiver designs for the conventional multi-antenna HD relaying have been investigated under both stochastic and deterministic CSI error models in earlier works [13] - [17] , where the optimality of the eigenmode transmission was proved. On the other hand, only a few recent studies considered the extension to the more intricate multi-antenna FD relaying [18] - [22] . More specifically, the outage probability and ergodic capacity were analyzed for the multi-antenna FD amplify-and-forward (AF) relaying in [18] and [19] , respectively, where the stochastic CSI error model was considered. In [20] , the authors studied the outage probability minimized multi-antenna FD decode-and-forward (DF) relay beamforming in presence of spatially uncorrelated CSI errors. A statistically robust hybrid transceiver design for millimeter wave (mmWave) FD MIMO AF relay systems was developed in [21] based on the penalty dual decomposition (PDD) technique. The deterministic imperfect CSI model was utilized in [22] where worst-case robust beamforming was optimized for an FD wireless-powered DF relay system.
In this work, by encompassing the random CSI uncertainties, we focus on the statistically robust beamforming optimization for the multi-antenna FD DF relaying, where the achievable rate maximization is adopted as the design objective. Concretely, our main contributions are listed as below.
• We find that the globally optimal solution to the considered problem can be determined via solving a convex feasibility check problem with second-order cone (SOC) constraints, or equivalently, solving a sequence of second-order cone programs (SOCPs).
• We further develop a low complexity relay beamforming design which has a concise semi-closed form and meanwhile attains almost the same rate performance as the optimal beamforming.
• For the spatially uncorrelated CSI error case, we derive a closed-form optimal solution to the relay beamforming, which indicates that the MRC/MRT strategy relying on estimated channels maximizes the achievable rate. The rest of the paper is organized as follows. We describe the system model and problem formulation in Section II. In Section III, we propose both optimal and suboptimal FD relay beamforming solutions to the considered problem. Simulation results and complexity comparisons are provided in Section IV. Finally, conclusions are drawn in Section V.
Notation: Vectors and matrices are denoted by boldface lower-case and boldface upper-case letters, respectively. |a|, a , and |A| represent the absolute value of scalar a, the Euclidean norm of vector a, and the determinant of matrix A, respectively. A H and A −1 are the Hermitian transpose and the inverse of matrix A, respectively. By A 0, we mean that matrix A is positive semidefinite. min{a, b} returns the minimum of a and b. λ min (A) and λ max (A) stand for the minimum and the maximum eigenvalues of matrix A, respectively.
(a) and (a) denote the real and the image parts of scalar a, respectively. I n denotes the n×n identity matrix. C m×n stands for the set of m × n complex matrices. a ∼ CN (µ, ) means that vector a follows circularly symmetric complex Gaussian distribution with mean µ and covariance matrix . vec(A) stacks all the columns of A into a vector. ⊗ represents the Kronecker product.
II. SYSTEM MODEL AND PROBLEM FORMULATION A. SIGNAL MODEL
We investigate a two-hop FD DF relay system where the relay has N r receive antennas and N t transmit antennas, and the source and the destination are both single-antenna nodes. Note that we consider DF relaying since it outperforms AF relaying which suffers from noise amplification [5] , [24] . The source first transmits an information-bearing data symbol x s [n] with normalized power to the relay. The received signal at the relay is expressed by
where P s is the source transmit power, h sr ∈ C N r ×1 stands for the source-relay channel, w SI [n] ∈ C N r ×1 represents the received SI, and z r [n] ∈ C N r ×1 denotes the additive white Gaussian noise (AWGN) with zero mean and covariance σ 2 r I N r . The SI term w SI [n] takes the form
where H rr ∈ C N r ×N t denotes the SI channel, x r [n] ∈ C N t ×1 is the relay transmit signal, u t ∈ C N t ×1 represents the transmit beamformer of the relay,x s [n − τ ] is the regenerated source transmit symbol with normalized power, and τ denotes the relay processing delay. By substituting (2) into (1), we obtain
After the relay applies a receive beamformer u H r ∈ C 1×N r on y r [n], we havẽ
which is used for regenerating the source transmit symbol. The received signal at the destination can be expressed by
where h H rd ∈ C 1×N t is the relay-destination channel and z d [n] is the destination AWGN with zero mean and variance σ 2 d .
B. IMPERFECT CSI MODEL
In practical wireless communication systems, it is generally hard to achieve perfect CSI due to factors such as non-negligible channel estimation errors. The CSI imperfection usually leads to severe performance deterioration and hence it needs to be carefully handled during the system design. In this work, we adopt the widely used stochastic CSI error model [13] - [15] , [20] , [21] :
whereĥ sr ∈ C N r ×1 ,ĥ H rd ∈ C 1×N t , andĤ rr ∈ C N r ×N t denote the estimated source-relay, relay-destination, and SI channels, respectively, and e sr ∈ C N r ×1 , e H rd ∈ C 1×N t , and E rr ∈ C N r ×N t stand for the corresponding channel estimation errors. The distributions of error terms are given by e sr ∼ CN (0, sr ), e rd ∼ CN (0, rd ), and vec(E rr ) ∼ CN (0, T rr ⊗ rr ), where sr ∈ C N r ×N r and rr ∈ C N r ×N r denote the covariance matrices of e sr and E rr at the relay receiver side, respectively. rd ∈ C N t ×N t and rr ∈ C N t ×N t represent the covariance matrices of e rd and E rr at the relay transmitter side, respectively. With the CSI error distributions available, we are able to express e sr , e H rd , and E rr by [13] - [15] e sr = 1 2 sr e sr,w ,
where the entries of e sr,w ∈ C N r ×1 , e H rd,w ∈ C 1×N t , and E rr,w ∈ C N r ×N t are all independent and identically distributed (i.i.d.) complex Gaussian variables with zero mean and unit variance.
Based on (4) and (8), we can perform partial SI cancelation at the relay. It is clear to see that the partial SI term u H rĤ rr u txs [n − τ ] in (4) is known by the relay. Hence, we can subtract it from the relay received signalỹ r and obtaiñ
C. ACHIEVABLE RATE ANALYSIS It can be found from (12) that the CSI error terms are generally non-Gaussian, which complicates the achievable rate analysis of the source-relay link. To obtain a tractable and insightful form of the achievable rate, we invoke the conclusion that the Gaussian noise achieves the lowest mutual information with given noise variance [25] , which has also been adopted to analyze the achievable rate in presence of random CSI errors in prior works such as [10] , [21] . Accordingly, based on (6), (9), (11), and the above conclusion, we can derive a lower bound to the achievable rate of the source-relay link by
where we set u r = 1 because R sr is irrelevant to u r . Similarly, according to (5) and (7), the achievable rate of the relay-destination link is expressed by
At this point, we obtain a lower bound to the end-to-end achievable rate of the considered FD DF relay system by
D. PROBLEM FORMULATION
In this work, we jointly optimize u r and u t to maximize the achievable rate in (15) , which is formulated by (16) , as shown at the bottom of this page, where the first constraint means that the relay transmit power cannot exceed the power budget P t . It is quite hard to directly solve the above problem since it is non-convex and the optimization variables are coupled in the objective function. The detailed procedure of addressing this difficult problem is provided in the next section.
III. ROBUST BEAMFORMING OPTIMIZATION FOR MULTI-ANTENNA FD DF RELAYING
Concerning the achievable rate maximization problem in (16) , we first propose an iterative algorithm to determine its globally optimal solution. Then, we develop a suboptimal solution to approach global optimality with lower complexity.
A. OPTIMAL ROBUST FD RELAY BEAMFORMING
The major difficulty of solving problem (16) lies in the coupled variables u r and u t . To handle this, we first fix u t and perform optimization over u r which yields a closed-form solution. Then, we substitute this solution into problem (16) and study the optimization with respect to u t which can be addressed via an efficient iterative algorithm. max u r ,u t
When u t is fixed, problem (16) reduces to (17) , as shown at the bottom of this page, which is equivalent to
Then, according to the generalized Rayleigh quotient [26] , it can be readily obtained that the optimal solution to u r is
Based upon the closed-form expression of u r in (19), we further determine the optimal solution to u t . By substituting u r into problem (16), we obtain (20) , as shown at the bottom of this page. Compared to problem (16), the above problem has only one variable u t which, however, still does not admit a trivial solution. To address this complicated problem, we introduce an auxiliary variable θ and rewrite it by
where P s sr + σ 2 r I N r . Although this problem is non-convex with respect to u t and θ , we show in the subsequent theorem that it can be equivalently transformed into a convex feasibility check problem when θ is fixed.
rr . Then, problem (21) with fixed θ is equivalent to the following SOCP:
Proof: See Appendix A. Theorem 1 provides the optimal solution to problem (21) when θ is fixed. To determine the optimal solution to u t , we need to find the maximum θ that is feasible to problem (21) via bi-section search. The lower and upper bounds of θ are determined as follows. It is clear that θ ≥ 0 holds. Moreover, concerning the first constraint of problem (21),
On the other hand,
holds according to the proof in Appendix A. Therefore, the interval for searching θ is given by (23) , as shown at the bottom of this page. At this step, we have addressed the achievable rate maximization problem for the multi-antenna FD relaying with spatially correlated CSI errors. The detailed procedure is summarized in Algorithm 1, where problem (22) can be solved with optimization tools such as CVX [27] . Note that, different from the conventional alternating optimization, we did not optimize one variable with the other one fixed in an alternating manner. In fact, we transform the original problem in (16) into an equivalent form in (20) , which is then optimally solved. Therefore, the proposed algorithm can yield a globally optimal solution to problem (16) .
B. LOW COMPLEXITY SUBOPTIMAL FD RELAY BEAMFORMING
Although Algorithm 1 obtains the optimal solution to problem (16) , it needs to iteratively solve an SOCP which can lead max u r 
Algorithm 1 Proposed Globally Optimal Solution to Problem (16) 1: Initialization: setθ l = θ l ,θ u = θ u , and required accuracy . 2: repeat 3: Set θ = (θ l +θ u )/2.
4:
Solve problem (22) . If it is feasible, setθ l = θ. Otherwise, setθ u = θ . 5: until |θ u −θ l | < . 6: Output u t and calculate u r using (19) .
to high complexity. In the sequel, we develop a suboptimal but semi-closed form solution to problem (16) .
Firstly, we define u t = √ p tũt where ũ t = 1. Then, we rewrite problem (16) by (24), as shown at the bottom of this page. According to the Rayleigh quotient [26] , we readily haveũ H t rrũt ≤ λ max ( rr ). Based on this inequality, we simplify the above problem by maximizing a lower bound of the objective function, which is expressed by (25) , as shown at the bottom of this page. Compared to problem (24), the variables u r andũ t are now decoupled which greatly simplifies the optimization. In fact, by employing the generalized Rayleigh quotient [26] , we can obtain their optimal solutions with given p t as follows:
Substituting u r (p t ) andũ t (p t ) into problem (25) , we acquire the scalar optimization problem in (28) , as shown at the bottom of this page. Based on the proof in Appendix B, Algorithm 2 Proposed Semi-Closed Form Solution to Problem (16) 1: Perform bi-section search to find the root of (30). 2: Calculate p t using (29) . 3: Calculate u r (p t ) and u t (p t ) = p tũ t (p t ) using (26) and (27) .
we can derive the optimal solution to the above problem by
whereω is the root of the following equation:
Note that the left-hand side and the right-hand side of the equation are monotonically decreasing and increasing with ω, respectively. Hence,ω can be determined via bi-section search. Finally, based on (26), (27) , and (29), we obtain a suboptimal solution to (u r , u t ) by (u r (p t ), p tũ t (p t )) (see Algorithm 2 for details). Compared to the optimal solution developed in Section III-A, this solution has a semi-closed form and does not require solving any convex problems, which is more convenient for implementation. Moreover, as will be verified in the next section, the performance of the proposed suboptimal solution can approach quite close to that of the optimal one.
C. SPECIAL CASE WITH SPATIALLY UNCORRELATED CSI ERRORS
Now we consider a special case where the CSI errors are spatially uncorrelated. Specifically, we set sr = σ 2 sr I N r , rd = σ 2 rd I N t , rr = σ 2 rr I N r , and rr = I N t , where σ 2 sr , σ 2 rd , and σ 2 rr denote the variances of the entries of e sr , e rd , and E rr , respectively. Accordingly, problem (16) is rewritten by (31) . 
Owing to the simplified form of the above problem, we are able to obtain its closed-form solution as follows. Corollary 1: For problem (31) , as shown at the bottom of this page, the optimal solutions to u r and u t are given by
where ω is expressed by (34), as shown at the bottom of this page.
Proof: See Appendix B. It is revealed from Corollary 1 that the optimal relay receive and transmit beamforming vectors match the estimated source-relay and relay-destination channels, respectively. In other words, the MRC/MRT strategy maximizes the achievable rate of the multi-antenna FD DF relaying when the CSI errors are spatially uncorrelated. Moreover, the optimal relay transmit power is not necessarily equal to the maximum allowed value P t since the SI power increases when the relay transmit power grows.
IV. SIMULATION RESULTS AND COMPLEXITY ANALYSIS
We perform simulations to test the achievable rate performance of the proposed robust beamforming methods for a multi-antenna FD relay system subject to CSI imperfection. More specifically, for the spatially uncorrelated CSI error case, the optimal robust FD relay beamforming (''FD Rob'') is given in Corollary 1. The optimal and suboptimal robust FD relay beamforming designs (''FD Rob'' and ''FD Rob SubOpt'') for the spatially correlated CSI error scenario are shown in Algorithm 1 and Algorithm 2, respectively. We also simulate three benchmark schemes: 1) non-robust FD relay beamforming ignoring CSI errors (''FD NonRob''); 2) robust HD relay beamforming considering CSI errors (''HD Rob''); 3) non-robust HD relay beamforming ignoring CSI errors (''HD NonRob''). It can be readily verified that ''FD NonRob'' and ''HD NonRob'' share the same form, i.e., (u r , u t ) = ĥ sr ĥ sr , √ P tĥ rd ĥ rd . However, the achievable rates of the two schemes are different since the rate expressions for the FD and HD relaying are not identical. The details of ''HD Rob'' are provided in Appendix C.
During the simulations, we adopt the following path loss model [28, Section 2.6] :
where ν denotes the carrier wavelength, d 0 stands for the reference distance, d represents the distance between the transmitter and the receiver, and κ is the path loss exponent. We set ν = 0.125 m, i.e., carrier frequency 2.4 GHz, d 0 = 10 m, d sr = d rd = 20 m, and κ = 3, where d sr and d rd are the distance between the source and the relay and the distance between the relay and the destination, respectively. Moreover, we set P s = P t = 15 dBW, σ 2 r = −80 dBW, and σ 2 d = −75 dBW.
A. SPATIALLY UNCORRELATED CSI ERROR CASE
For this case, the entries of the channels h sr , h rd , and H rr follow i.i.d. zero-mean complex Gaussian distribution with variances γ 2 sr , γ 2 rd , and γ 2 rr , respectively, where γ 2 sr and γ 2 rd are calculated by substituting d sr and d rd into (35). The variances of CSI errors e sr , e rd , and E rr are σ 2 sr = ργ 2 sr , σ 2 rd = ργ 2 rd , and σ 2 rr = ργ 2 rr , respectively, where ρ denotes the normalized CSI error variance. Hence, the entries of the estimated channelŝ h sr andĥ rd are generated with i.i.d. zero-mean complex Gaussian random variables with variances (1 − ρ)γ 2 sr and (1 − ρ)γ 2 rd , respectively. We compare the achievable rate of different relay beamforming methods versus γ 2 rr in Fig. 1 . From this figure, we find that the achievable rate of both ''FD Rob'' and ''FD NonRob'' decreases when γ 2 rr gets larger. In particular, ''FD Rob'' performs much better than ''FD NonRob'' for large γ 2 rr because ''FD NonRob'' neglects the estimation error of the SI channel. ''HD Rob'' and ''HD NonRob'' achieve the same rate performance since they share the same form under the spatially uncorrelated CSI error case (see Appendix C). Moreover, it can be observed that ''FD Rob'' achieves higher rate than ''HD Rob'' especially when γ 2 rr is small which indicates that FD relaying can be more spectral efficient than HD relaying even in presence of CSI errors.
We investigate the achievable rate versus ρ in Fig. 2 . It can be seen that the performance of all the considered schemes degrades as ρ increases. Moreover, ''FD Rob'' outperforms ''FD NonRob'' and the performance gain becomes more evident when ρ gets larger. This is because ''FD Rob'' incormax u r ,u t
ω = P s ĥ sr 2 σ 2 rd − ĥ rd 2 (P s σ 2 sr +σ 2 r )+ (P s ĥ sr 2 σ 2 rd − ĥ rd 2 (P s σ 2 sr +σ 2 r )) 2 +4P s ĥ rd 2 ĥ sr 2 σ 2 rr σ 2 porates CSI errors into the relay beamforming optimization which improves the system robustness against CSI uncertainties. The achievable rate of ''FD Rob'' is higher than that of ''HD Rob'', and the rate gain becomes larger when ρ decreases due to the fact that the residual SI power gets weaker. The achievable rate comparison versus N is shown in Fig. 3 , where we set N r = N t = N . We can see that the rate performance of each method is improved with the increase of N . The performance enhancement of ''HD Rob'' and ''HD NonRob'' is mainly due to the increasing array gain provided by the multiple antennas. While for ''FD Rob'' and ''FD NonRob'', an additional reason is that the SI suppression capability in the spatial domain gets stronger. Similarly as Figs. 1 and 2 , the rate of ''FD Rob'' is higher than that of ''FD NonRob'' and ''HD Rob'' for different values of N .
B. SPATIALLY CORRELATED CSI ERROR CASE
For this case, the channels h sr , h H rd , and H rr are modeled by 
where the entries of h sr,w , h H rd,w , and H rr,w follow i.i.d. zero-mean complex Gaussian distribution with unit variance, and k is a k × k Toeplitz matrix with its (m, n)-th entry given by α |m−n| . Note that α represents the level of the spatial correlation, i.e., larger α refers to higher spatial correlation. The CSI error covariance matrices are set to sr = ργ 2 sr N r , rd = ργ 2 rd N t , rr = ργ 2 rr N r , and rr = N t . Accordingly, the estimated channelsĥ sr andĥ H rd are obtained byĥ sr = ((1 − ρ)γ 2 sr N r )
2 . We show the achievable rate comparison of different relay beamforming methods versus γ 2 rr in Fig. 4 . From this figure, we find that the proposed ''FD Rob'' and ''FD Rob SubOpt'' can achieve almost the same performance when γ 2 rr is relatively small, which validates the effectiveness of the low-complexity FD relay beamforming solution. Moreover, different from the spatially uncorrelated CSI error case, ''HD Rob'' and ''HD NonRob'' do not coincide since their expressions are not identical when the CSI errors are spatially correlated (see Appendix C). Similar phenomenon can also be observed in Figs. 5 and 6 where we show the achievable rate versus ρ and N , respectively. The achievable rate versus α is depicted in Fig. 7 . It can be seen from this figure that ''FD Rob'' and ''HD Rob'' are not quite sensitive to α while the performance of the other schemes degrades as α becomes larger. Moreover, the robust beamforming designs all outperform their non-robust counterparts and the rate gains grow when α increases. Therefore, the robust design is more advantageous for the high spatial correlation scenario.
In Fig. 8 , we also compare the proposed beamforming designs with the MRT (MRC) and zero-forcing (ZF) based schemes investigated in [18] , [19] , [29] , where ''FD RxZF/TxMRT'' means that the FD relay adopts ZF based receive beamforming and MRT based transmit beamforming, and ''FD RxMRC/TxZF'' means that the FD relay adopts MRC based receive beamforming and ZF based transmit beamforming. During the simulation, in order to ensure that the ZF beamforming exists, we randomly generate rr with rank N r − 1 and rr with rank N t − 1. From Fig. 8 , we find that the proposed precoding designs outperform both ''FD RxZF/TxMRT'' and ''FD RxMRC/TxZF'' by evident gains.
C. COMPLEXITY COMPARISON
We first consider the spatially uncorrelated CSI error case. The complexity of all the schemes is given by O(N t + N r ). For the spatially correlated CSI error case, the complexity of ''FD NonRob'' and ''HD NonRob'' is still O(N t + N r ). ''FD Rob'' needs to solve an SOCP iteratively whose complexity is O(N I N 3 t ) [30] with N I representing the number of iterations. Moreover, ''FD Rob'' also needs to perform eigenvalue decomposition on an N r × N r matrix in each iteration. Therefore, the total complexity is O(N I (N 3 t + N 3 r )). ''FD Rob SubOpt'' requires calculating the inverses of N t ×N t and N r ×N r matrices and hence its complexity is O(N 3 t +N 3 r ). It can be readily verified that the complexity of ''HD Rob'' is also O(N 3 t + N 3 r ). The complexity of ''FD RxZF/TxMRT'' and ''FD RxMRC/TxZF'' is obtained based on the fact that they need to perform eigenvalue decomposition on an N r ×N r matrix and an N t × N t matrix, respectively. We compare the complexity of different beamforming methods under the spatially correlated CSI error case in Table 1 .
Based on the above performance and complexity comparison results, we conclude that the proposed ''FD Rob'' attains the maximum rate at the cost of high complexity. On the other hand, ''FD Rob SubOpt'' achieves a good tradeoff between performance and complexity. Note that, compared to ''FD RxZF/TxMRT'' and ''FD RxMRC/TxZF'', ''FD Rob'' and ''FD Rob SubOpt'' need to know the noise variances at the relay and destination and the source transmit power. Nevertheless, it is worthwhile considering the additional cost since they remarkably improve the performance of ''FD RxZF/TxMRT'' and ''FD RxMRC/TxZF'' as evidenced by the simulation results in Fig. 8 .
V. CONCLUSION
We studied statistically robust beamforming design for multi-antenna FD DF relaying with the goal of maximizing the end-to-end achievable rate. We developed an efficient algorithm that iteratively solves an SOCP and yields a globally optimal solution. Furthermore, a low-complexity semi-closed form solution was advocated which achieves almost the same performance as the optimal one. A closedform beamforming solution was also derived for the spatially uncorrelated CSI error case. The performance advantage of the proposed designs over conventional methods was confirmed via extensive simulations.
APPENDIXES APPENDIX A PROOF OF THEOREM 1
The most complicated part of problem (21) . Denote the eigenvalue decomposition of˜ by˜ = U˜ ˜ U H , where U˜ is a unitary matrix whose columns are the eigenvectors of˜ and ˜ is a diagonal matrix whose diagonal elements are the eigenvalues of˜ . Since˜ is a rank-one matrix, ˜ must have only one non-zero diagonal element, which is given by λ max (˜ ) =ĥ rr ≤ 1. Note that this inequality still holds when λ min (ϒ) = 0. Hence, we can safely rewrite (44) by ZHENYAO HE received the B.S. degree from the Chien-Shiung Wu College, Southeast University, Nanjing, China, in 2018, where he is currently pursuing the master's degree with the National Mobile Communications Research Laboratory. His research interests include MIMO communications and full-duplex communications.
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